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ON QUANTUM GROUPS ASSOCIATED TO NON-NOETHERIAN REGULAR
ALGEBRAS OF DIMENSION 2
CHELSEA WALTON AND XINGTING WANG
Abstract. We investigate homological and ring-theoretic properties of universal quantum linear groups
that coact on Artin-Schelter regular algebras A(n) of global dimension 2, especially with central homological
codeterminant (or central quantum determinant). As classified by Zhang, the algebras A(n) are connected N-
graded algebras that are finitely generated by n indeterminants of degree 1, subject to one quadratic relation.
In the case when the homological codeterminant of the coaction is trivial, we show that the quantum group
of interest, defined independently by Manin and by Dubois-Violette and Launer, is Artin-Schelter regular of
global dimension 3 and also skew Calabi-Yau (homologically smooth of dimension 3). For central homological
codeterminant, we verify that the quantum groups are Noetherian and have finite Gelfand-Kirillov dimension
precisely when the corresponding comodule algebra A(n) satisfies these properties, that is, if and only if
n = 2. We have similar results for arbitrary homological codeterminant if we require that the quantum
groups are involutory. We also establish conditions when Hopf quotients of these quantum groups, that also
coact on A(n), are cocommutative.
0. Introduction
Let k be an algebraically closed field of characteristic zero. Let an unadorned ⊗ denote ⊗k, and all
algebras, Hopf algebras, etc., in this work are over k. Let R be an Artin-Schelter (AS ) regular algebra, that
is, a graded homological analogue of a polynomial algebra; see Definition 1.1.
Throughout, all AS regular algebras are assumed to be generated in degree 1.
It has been long suspected that:
(⋆)
The universal quantum (linear) groups that coact on R possess the same
homological and ring-theoretic properties of R.
See, e.g., Manin’s question in [2, Introduction]. The statement (⋆) has been verified for R being a skew
polynomial algebra or a Noetherian AS regular algebra of global dimension 2, c.f. [8, Sections I.2 and II.9].
It is important to note that in these cases the homological codeterminant [Definition 1.14] (also known as the
quantum determinant) of the coaction on R is a central element in the quantum group; c.f. [8, Exercise I.2.E].
The goal of this work is to verify (⋆) for the class of AS regular algebras of global dimension 2 that are not
necessarily Noetherian. These algebras were classified by Zhang in [35], and have the following presentation:
(0.1) A(n) := A(E) := A(n,E) := k〈v1, . . . , vn〉/
(∑
1≤i,j≤n eijvivj
)
,
for E := (eij) ∈ GLn(k), with n ≥ 2. Here, we do not assume finite Gelfand-Kirillov (GK) dimension for the
definition of Artin-Schelter regularity. See Section 1.1 for more details.
We first consider two universal quantum linear groups that coact on the algebra A(E) with trivial ho-
mological codeterminant: the Hopf algebra OA(E)(SL) due to Manin [25] (see Section 2.1), and the Hopf
algebra B(E−1) due to Dubois-Violette and Launer [15] (see Section 2.2). In fact, we obtain that
OA(E)(SL) ∼= B(E
−1) as Hopf algebras,
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see Corollary 2.17. Note that for q ∈ k×, we have that B(E) and the quantum linear group Oq(SL2(k)) are
“co-Morita equivalent” by [6, Theorem 1.1]. See Example 2.18 for details on the latter quantum group.
In Section 3, we establish the following homological properties of OA(E)(SL); these follow essentially from
work of Bichon on the homological properties of B(E) [7].
Theorem 0.2 (Propositions 3.2, 3.3 and Corollaries 3.5 and 2.17). Let A := A(n,E) be an Artin-Schelter
regular algebra of global dimension 2. We have the following statements.
(a) OA(SL) is Artin-Schelter regular of global dimension 3 in the sense of [9, Definition 1.2 (omitting
Noetherianity)].
(b) OA(SL) is skew Calabi-Yau (homologically smooth of dimension 3 ) [Definition 1.10].
(c) If E is symmetric, or if E is skew-symmetric with n even, then OA(SL) is both Calabi-Yau and
involutory (that is, the square of the antipode is the identity).
In the philosophy of (⋆), these results are expected since A(E) is AS regular of global dimension 2 by [35,
Theorem 0.1], and hence, skew Calabi-Yau by [33, Lemma 1.2]. The algebra A(n,E) is also Calabi-Yau (or
1-Nakayama [Definition 1.11]) if and only if n is even with E skew-symmetric [3, Proposition 3.4]. Moreover,
A(E) is (−1)-Nakayama if and only if E is symmetric; refer to Lemma 1.12.
In Section 4, we establish ring-theoretic properties of OA(E)(SL) (or B(E
−1)), which provide further ev-
idence of (⋆) for R = A(E). These properties can also be extended to variants of another one of Manin’s
universal quantum linear groups, Oc
A(E)(GL) and OA(E)(GL/S
2), and extended to quantum groups intro-
duced by Mrozinski, G(X,Y) for X,Y ∈ GLn(k) [28]. Here, O
c
A(E)(GL) and G(E
−1,E) both coact on A(E)
with central homological codeterminant. On the other hand, OA(E)(GL/S
2) and G(E−1,ET ) are involutory,
and both coact on A(E) with arbitrary homological codeterminant. See Sections 2.1 and 2.2 for more details.
Likewise,
OcA(E)(GL)
∼= G(E−1,E) and OA(E)(GL/S
2) ∼= G(E−1,ET ) as Hopf algebras,
by Corollary 2.17. Moreover, for q ∈ k×, we have that G(X,Y) and the quantum linear group Oq(GL2(k)) are
“co-Morita equivalent” by [28, Theorem 1.3]. We take OA(SL/S
2) to be the universal involutory quantum
linear group that coacts on A with trivial homological codeterminant. Consider the following result.
Theorem 0.3 (Theorem 4.15 and [35]). Let A := A(n,E) be an Artin-Schelter regular algebra of global
dimension 2. Then, we have that the following statements are equivalent.
(a) A is Noetherian.
(b) A has finite Gelfand-Kirillov dimension.
(c) OA(SL/S
2), OA(GL/S
2), OA(SL), and O
c
A(GL) are Noetherian.
(d) OA(SL/S
2), OA(GL/S
2), OA(SL), and O
c
A(GL) have finite Gelfand-Kirillov dimension.
(e) n = 2.
The theorem above is expected as the equivalence of (a), (b), and (e) was established in [35, Theorem 0.1].
As shown in the proof of Theorem 4.15, if n = 2, then both of the quantum groups OcA(GL) and OA(GL/S
2)
are a localization of an iterated Ore extension in four variables at the homological codeterminant.
It is natural that the introduction of the central homological codeterminant condition is accompanied by
usage of the involutory condition, as there are homological identities that relate these two notions; see e.g.
[11, Theorem 0.1].
Remark 0.4. In fact, in many of the applications of [11, Theorem 0.1] (or of its generalization [32, The-
orem 4.3]), one can obtain a more general result (on Hopf coactions on AS regular algebras) by replacing
the trivial homological codeterminant hypothesis with the assumption that the homological codeterminant
of the coaction is central. For example, this applies to [11, Theorems 0.4 and 0.6] and [24, Theorem 0.5].
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Motivated by the discussion above, we revise the philosophy (⋆) as follows.
(⋆⋆)
The universal quantum (linear) groups Q that coact on R
with either (i) central quantum determinant or (ii) Q being involutory,
possess the same homological and ring-theoretic properties of R.
On another note, we have that the AS regular algebras A(E) are all graded coherent domains by [30,
Theorem 1.4] and [35, Theorem 0.1]. This prompts the question below.
Question 0.5. Let A be an AS regular algebra of global dimension 2. Are OA(SL/S
2), OA(GL/S
2)
OA(SL), and O
c
A(GL) coherent domains?
Examples of the quantum linear groups above are presented at the end of Section 2 for the case when
n = 2. In particular, we show that the main result of [16], that finite dimensional semisimple Hopf actions
on commutative domains must factor through a finite group action, fails in the infinite dimensional setting
in general. We refer the reader to [12, 13, 18] for conditions when the infinite dimensional analogue of [16,
Theorem 1.3] holds.
Nevertheless in Section 5, we establish general results on inner-faithful (not necessarily finite dimensional)
Hopf coactions on A(E). We emphasize that:
Throughout, we assume that Hopf coactions on A(E) preserve the grading of A(E).
A key part of the investigation in Section 5 is the requirement that A(n,E) is central Nakayama (resp., power
central Nakayama), that is, the requirement that the centralizer algebra for (resp., powers of) the matrix
representing the Nakayama automorphism of A(n,E) is a commutative subalgebra of the matrix algebra
Mn(k); see Definitions 5.3 and 5.4. We prove the following result for a general AS regular algebra R of
global dimension d satisfying the additional hypothesis:
Hypothesis 0.6. Let µR be the Nakayama automorphism of R and let µE be the Nakayama automorphism
of its Yoneda algebra E := Ext∗R(Rk,Rk). Assume the following identity µE |E1 = (−1)
d+1(µR|R1)
∗.
Theorem 0.7 (Theorem 5.6). Let R be an AS regular algebra satisfying Hypothesis 0.6. Let H be a Hopf
algebra with antipode of finite order coacting on R. Suppose that the H-coaction on R is inner-faithful with
homological codeterminant D ∈ H. If one of the following conditions hold:
(i) R is central Nakayama, H is involutory, and D is central; or
(ii) R is power central Nakayama and Dm is central for some m ≥ 1,
then H is cocommutative. If, further, H is finite dimensional, then H must be a group algebra.
Hypothesis 0.6 holds when R is N -Koszul AS regular or is Noetherian AS regular, by [4, Theorem 6.3]
and [32, Theorem 4.2(3)], respectively. It is conjectured that Hypothesis 0.6 holds for all AS regular algebras
generated in degree 1 [11, Remark 4.2]. A consequence of the theorem above is given below.
Corollary 0.8 (Corollary 5.15). Let H be a Hopf algebra with antipode of finite order coacting on A(E)
inner-faithfully with homological codeterminant D ∈ H. If E is generic, and if either:
(i) H is involutory, and D is central; or
(ii) Dm is central for some m ≥ 1,
then H is cocommutative. If, further, H is finite dimensional, then H must be a group algebra.
1. Background material
We provide background on the following topics: Artin-Schelter regular algebras, specifically of global
dimension 2 in Section 1.1; Nakayama automorphisms and skew Calabi-Yau algebras in Section 1.2; and
Hopf algebra coactions and homological codeterminant in Section 1.3.
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1.1. Artin-Schelter regular algebras A(E) of global dimension 2. The algebras that are the focus of
this work are the Artin-Schelter regular algebras defined below.
Definition 1.1. Let R be a connected N-graded algebra. Namely, R =
⊕
i≥0Ri with RiRj ⊆ Ri+j and
R0 = k. We say that R is Artin-Schelter Gorenstein (or is AS Gorenstein) if
(i) R has finite injective dimension d <∞ on both sides, and
(ii) ExtiR(Rk,RR)
∼= ExtiR(kR, RR) = δi,d k.
If further
(iii) R has finite global dimension,
then R is called Artin-Schelter regular (or AS regular) of global dimension d.
In this paper, we are not assuming that R has finite Gelfand-Kirillov dimension as in the standard
definition of AS regularity. Similarly, we say a (ungraded) Hopf algebra H is AS Gorenstein (resp., AS
regular) if it satisfies the conditions (i)-(ii) (resp., the conditions (i)-(iii)) above, where k is considered to be
the trivial H-module. See [9, Definition 1.2 (omitting Noetherianity)]. The connected N-graded AS regular
algebras of global dimension 2 are classified by Zhang as follows.
Theorem 1.2. [35, Theorem 0.1] A connected N-graded algebra A is AS regular of global dimension 2 if and
only if A is isomorphic to A(n,E) from (0.1) for some n ≥ 2, with E of full rank.
To work with isomorphism classes of A(n,E), we use the following results.
Lemma 1.3. [3, End of Section 5] [5, Proposition 3.1] We have that A(n,E) ∼= A(n,E′) if and only if E and
E′ are congruent, that is to say, if and only if E′ = PTEP for some P ∈ GLn(k). 
Example 1.4. We have that k〈u, v〉/(u2 + v2) is isomorphic to k〈u, v〉/(uv+ vu) since
(
1 0
0 1
)
and
(
0 1
1 0
)
are congruent via P =
(
1
2
−i
2
1 i
)
with i2 = −1.
To employ Lemma 1.3, we recall the canonical matrices of bilinear forms.
Notation 1.5 (Jn, Br(q), D2r(q)). Define the following matrices:
Jn =


0 (−1)n+1
. .
.
(−1)n
1 . .
.
−1 −1
1 1 0


n×n
with J1 = (1), Br(q) =


q 1 0
q
. . .
. . . 1
0 q


r×r
with B1(q) = (q),
D2r(q) =
(
0 Ir
Br(q) 0
)
2r×2r
with D2(q) =
(
0 1
q 0
)
.
Lemma 1.6. [20, Theorem 2.1(a)] Each square matrix over k is congruent to a direct sum, uniquely deter-
mined up to permutation of summands, of canonical matrices of the three types:
• Br(0),
• Jn, or
• D2r(q), for q 6= 0, (−1)
r+1 where q is determined up to replacement by q−1. 
We use this result to study isomorphism classes of AS regular algebras of global dimension 2.
Definition 1.7 (ASym, ASkew , AJord, ADq ). Consider the following special types of AS regular algebras of
global dimension 2 associated to a nondegenerate bilinear form:
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• Symmetric type corresponding to J⊕n1 :
ASym := k〈v1, v2, . . . , vn〉/(v
2
1 + v
2
2 + · · ·+ v
2
n),
associated to the symmetric nondegenerate bilinear form;
• Skew-symmetric type corresponding to D2(−1)
⊕n
2 for n even:
ASkew := k〈v1, v2, . . . , vn〉/([v1, v2] + · · ·+ [vn−1, vn]),
associated to the skew-symmetric nondegenerate bilinear form;
• Jordan type corresponding to Jn:
AJord :=
k〈v1, v2, . . . , vn〉
((−1)n+1v1vn + (−1)nv2vn−1 + (−1)nv2vn + · · · − vn−1v2 − vn−1v3 + vnv1 + vnv2)
;
• Double quantum type corresponding to D2r(q) for q 6= 0, (−1)
r+1:
ADq :=
k〈v1, v2, . . . , v2r〉(
v1vr+1 + qvr+1v1 + v2vr+2 + qvr+2v2 + · · ·+ vrv2r + qv2rvr
+vr+1v2 + vr+2v3 + · · ·+ v2r−1vr
) .
Now one can describe explicitly the AS regular algebras A(n,E) of global dimension 2, up to isomorphism;
we do so for n = 2, 3 below.
Corollary 1.8. (a) An AS regular algebra A(2,E) is isomorphic to either ASym, the Jordan plane AJord =
k〈v1, v2〉/(v2v1 − v1v2 + v
2
2), or one of the quantum planes ADq = k〈v1, v2〉/(v1v2 + qv2v1) for q ∈ k \ {0, 1}.
(b) An AS regular algebra A(3,E) is isomorphic to either:
• ASym = k〈v1, v2, v3〉/(v
2
1 + v
2
2 + v
2
3);
• AJord = k〈v1, v2, v3〉/(v1v3 − v
2
2 − v2v3 + v3v1 + v3v2);
• k〈v1, v2, v3〉/(v
2
1 − v2v3 + v3v2 + v
2
3); or
• k〈v1, v2, v3〉/(v
2
1 + v2v3 + qv3v2) for q ∈ k \ {0, 1}.
Proof. (a) This is well-known, but it also follows immediately from Lemma 1.6. Namely, the isomorphism
classes of AS regular algebras A(2,E) are represented by J1 ⊕ J1, J2, and D2(q) for q 6= 0, 1. Here,
• J1 ⊕ J1 represents the quantum plane k〈v1, v2〉/(v1v2 + v2v1) ∼= k〈v1, v2〉/(v
2
1 + v
2
2) = ASym;
• J2 represents the Jordan plane AJord; and
• D2(q) represents the quantum planes (of double quantum type) ADq = k〈v1, v2〉/(v1v2 + qv2v1) for
q ∈ k\{0, 1}. This includes D2(−1) for the commutative polynomial algebra ASkew on two variables.
(b) The isomorphism classes of AS regular algebras A(3,E) are represented by J⊕31 , J3, J1 ⊕ J2, and
J1 ⊕ D2(q) for q ∈ k \ {0, 1}. Here,
• J⊕31 represents ASym = k〈v1, v2, v3〉/(v
2
1 + v
2
2 + v
2
3);
• J3 represents AJord = k〈v1, v2, v3〉/(v1v3 − v
2
2 − v2v3 + v3v1 + v3v2);
• J1 ⊕ J2 represents k〈v1, v2, v3〉/(v
2
1 − v2v3 + v3v2 + v
2
3);
• J1 ⊕ D2(q) for q ∈ k \ {0, 1} represents k〈v1, v2, v3〉/(v
2
1 + v2v3 + qv3v2). 
In general, we have the following result.
Lemma 1.9. Let E be the matrix associated to an AS regular algebra A(E) of global dimension 2. Then, E
is congruent to the direct sum of matrices Jn and D2r(q) with q 6= 0, (−1)
r+1.
Proof. Apply Theorem 1.2 and Lemmas 1.3 and 1.6. 
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1.2. Nakayama automorphisms and skew Calabi-Yau algebras. Further background for the material
in this section can be found in [33] and [9]. Consider the following definition.
Definition 1.10. Let R be an algebra with finite injective dimension d on both sides. Let Re := R⊗Rop.
(a) R is called skew Calabi-Yau if
(i) R is homologically smooth of dimension d, that is, R has a minimal projective resolution in
the category Re-Mod of length d such that each term in the projective resolution is finitely
generated, and
(ii) R is rigid Gorenstein, that is, there is an algebra automorphism µ of R, such that
ExtiRe(R,R
e) ∼=
{
µR1 if i = d,
0 if i 6= d,
as R-bimodules.
(b) The automorphism µR := µ is called a Nakayama automorphism of R.
(c) The algebra R is Calabi-Yau if µ is inner (or equivalently, if µ is the identity after changing the
generator of the bimodule µR1).
The definition of µ is motivated by the classical notion of the Nakayama automorphism of a Frobenius
algebra. The Nakayama automorphism µ is also unique up to an inner automorphism of R. Further, if R is
connected graded, then the Nakayama automorphism can be chosen to be a graded algebra automorphism,
and in this case, it is unique since R has no non-trivial graded inner automorphisms.
Definition 1.11 (ξr). Let R be a connected N-graded algebra. Take r ∈ k
×. Define a graded algebra
automorphism ξr of R by
ξr(x) = r
deg x x
for all homogeneous elements x ∈ R. We say that R is r-Nakayama if the Nakayama automorphism of R (if
it exists) is given by ξr.
We have that R is skew Calabi-Yau if and only if R is AS regular [33, Lemma 1.2]. Moreover, we get that
R is Calabi-Yau if and only if R is both 1-Nakayama and AS regular. Moreover, consider the preliminary
results below.
Lemma 1.12. We have the statements below for any AS regular algebra A := A(n,E) of global dimension 2.
(a) A(n,E) is skew Calabi-Yau.
(b) The Nakayama automorphism of A(n,E) is given by µA(vi) = −
∑n
j=1(E
−1ET )ijvj.
(c) A(n,E) is r-Nakayama only when r = ±1.
(d) A(n,E) is Calabi-Yau (or 1-Nakayama) if and only if E is skew-symmetric and n is even.
(e) A(n,E) is (−1)-Nakayama if and only if E is symmetric.
Proof. (a) This follows from [33, Lemma 1.2].
(b) Note that µA1 ∼= 1Aµ
−1
as A-bimodules. Now by [19, Proposition 3.3], the Nakayama automorphism
of A is given by µ−1(vi) = −
∑n
j=1 vj(E
TE−1)ji = −
∑n
j=1((E
−1)TE)ijvj . Then, we take the inverse of µ
−1
to get our formula.
(c) This follows from part (b) and Lemmas 1.3 and 1.9 by direct computation.
(d,e) Note that the property of being symmetric or skew-symmetric is invariant under the congruence of
matrices. Hence, parts (d,e) follow from part (c) and Lemmas 1.3 and 1.9 by direct computation. 
ON QUANTUM GROUPS ASSOCIATED TO NON-NOETHERIAN REGULAR ALGEBRAS OF DIMENSION 2 7
1.3. Hopf algebra coactions and homological codeterminant. We refer to [27] and [21] for further
background in this section. We say that a Hopf algebraH coacts on an algebra R if R arises as anH-comodule
algebra; refer to [27, Definition 4.1.2] for the definition of an H-comodule algebra.
It is sometimes useful to restrict ourselves to H-coactions that do not factor through coactions of ‘smaller’
Hopf subalgebras of H . For this, we provide the definition of inner-faithfulness.
Definition 1.13. Let N be a right H-comodule with comodule structure map ρ : N → N ⊗ H . We say
that this coaction ρ is inner-faithful if ρ(N) 6⊂ N ⊗H ′ for any proper Hopf subalgebra H ′ ( H .
Now we recall an important invariant of Hopf algebra coactions on an AS regular algebra: homological
codeterminant. To do so, note that by [23, Corollary D], a connected graded algebra R is AS regular if and
only if the Yoneda algebra E(R) :=
⊕
i≥0 Ext
i
R(Rk,R k) of R is Frobenius.
Definition 1.14 (D). Let R be an AS regular algebra with Frobenius Yoneda algebra E(R) as above. Let
H be a Hopf algebra with bijective antipode S coacting on R from the right. We get that H coacts on E(R)
from the left by [11, Remark 1.6(d)]. Suppose e is a nonzero element in ExtdR(Rk,R k) where d = gl.dimR.
The homological codeterminant of the H-coaction on R is defined to be an element D ∈ H where ρ(e) = D⊗e.
Note that D is a group-like element of H . We say the homological codeterminant is trivial if D = 1H .
Note that the homological codeterminant of a Hopf coaction on an AS regular algebra is also realized
as the quantum determinant introduced in [25]; see [11, Remark 2.4] for more details. In any case, we can
adapt the proof of [10, Theorem 2.1] to obtain the following result (the finite GK-dimension hypothesis is
not needed).
Proposition 1.15. Let A := k〈v1, . . . , vn〉/(r) be an AS regular algebra of global dimension 2, that admits a
right coaction ρ of a Hopf algebra H, induced by ρ : k〈v1, . . . , vn〉 → k〈v1, . . . , vn〉⊗H. Then, the homological
codeterminant D of the H-coaction on A is given by ρ(r) = r ⊗ D−1. 
2. Universal quantum linear groups
In this section, we discuss several universal quantum linear groups that coact on A := A(E), in particular
OA(GL) and OA(SL) due to Manin [Section 2.1], and G(E
−1,F) and B(E−1) due to Mrozinski, and Dubois-
Violette and Launer, respectively [Section 2.2].
2.1. Manin’s quantum groups. In this subsection, we discuss Manin’s quantum linear groups introduced
in [25], applied to A := A(n,E). Recall that A is a quadratic algebra generated by v1, v2, . . . , vn in degree 1,
subject to the relation
r :=
∑
1≤i,j≤n
eijvivj = 0,
where (eij) = E ∈ GLn(k). Let F be a free algebra generated by {aij}1≤i,j≤n. Consider a bialgebra
structure on F defined by ∆(aij) =
∑n
s=1 ais ⊗ asj and ǫ(aij) = δij , for all 1 ≤ i, j ≤ n. The free algebra
A′ := k〈v1, · · · , vn〉 is a right F -comodule algebra with comodule structure map ρ : A
′ → A′⊗F determined
by ρ(vi) =
∑n
s=1 vs ⊗ asi for 1 ≤ i ≤ n.
The Koszul dual of A, denoted by A!, is an algebra k〈V ∗〉/(R⊥) where R⊥ is the subspace
R⊥ := {u ∈ (V ∗)⊗2 | 〈u, r〉 = 0}. By duality, R := kr = {w ∈ V ⊗2 | 〈R⊥, w〉 = 0}. Pick a basis for
R⊥, say r′t for t = 1, · · · , n
2 − 1, and write
r′t =
∑
1≤i,j≤n
d
(t)
ij v
∗
i v
∗
j
for all 1 ≤ t ≤ n2 − 1. By the definition of R⊥, we have that
∑
1≤i,j≤n d
(t)
ij eij = 0 for all t. Consider the
following result.
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Lemma 2.1. [25, Lemmas 5.5 and 5.6] Let H be a bialgebra coacting on the free algebra A′ = k〈v1, . . . , vn〉
with ρ(vi) =
∑n
s=1 vs ⊗ bsi for bsi ∈ H. Then, the following are equivalent.
(a) The coaction ρ : A′ −→ A′ ⊗H satisfies ρ (kr) ⊆ kr ⊗H, that is,
∑
1≤i,j,k,l≤n eijd
(t)
kl bkiblj = 0 for
all t.
(b) The map ρ induces naturally a coaction of H on A such that A is a right H-comodule algebra. 
Now we can define quantum linear groups associated to A. Let I be the ideal of the free bialgebra F
generated by elements ∑
1≤i,j,k,l≤n
eijd
(t)
kl akialj
for all t.
Definition 2.2 (OA(M), OA(GL)). [25, Section 5.3 and Chapter 7] Consider the following terms.
(a) The quantum matrix space associated to A is defined to be OA(M) =F/I, which is a bialgebra
quotient of F .
(b) The Hopf envelope of a bialgebra B is a Hopf algebra H(B) equipped with a bialgebra map
φ : B → H(B), so that for any Hopf algebra H ′, any bialgebra map ψ : B → H ′ extends uniquely to
a Hopf algebra map ψˆ : H(B)→ H ′ with ψ = ψˆ ◦ φ as bialgebra maps.
(c) The quantum general linear group associated to A is defined to be the Hopf envelope of OA(M), and
is denoted by OA(GL).
Moreover, we introduce the following quotient of OA(GL), which plays a central role in this work.
Definition 2.3 (OcA(GL)). The quantum general linear group associated to A with central quantum deter-
minant is defined to be the Hopf quotient OcA(GL) := OA(GL)/ID, where ID is the Hopf ideal generated by
{aD− Da | a ∈ OA(GL)}.
Abusing notation, we use aij to denote the image of the generators aij of OA(M) in OA(GL) and in
OcA(GL). We see that OA(M) (resp., OA(GL), O
c
A(GL)) serves as the universal bialgebra (resp., Hopf
algebras) that coacts on A as follows.
Lemma 2.4. Suppose that the right coaction of OA(M) on A is given by ρO : A→ A⊗OA(M). Then, for
any bialgebra B that coacts on A from the right, via ρB : A → A ⊗ B, there exists a unique bialgebra map
γ : OA(M)→ B such that ρB = (Id⊗ γ) ◦ ρO.
Proof. Suppose ρB(vi) =
∑n
s=1 vs ⊗ bsi for all bsi ∈ B. We define a bialgebra map γ : OA(M) → B by
γ(aij) = bij . By Definition 2.2 and Lemma 2.1, we know the map γ is well-defined. Moreover, we have
ρB = (Id⊗ γ) ◦ ρO by checking this on the generators. Finally, the uniqueness of γ is clear. 
Lemma 2.5. [25, Section 7.5] [11, Lemma 2.7] Suppose that the right coaction of OA(GL) on A is given by
ρO : A→ A⊗OA(GL). Then, for any Hopf algebra H that coacts on A from the right, via ρH : A→ A⊗H,
we have the following statements.
(a) There is a unique Hopf algebra map γ : OA(GL)→ H such that ρH = (Id⊗ γ) ◦ ρO.
(b) Write ρH(vi) =
∑n
s=1 vs ⊗ bsi for some bsi ∈ H. Then, the H-coaction on A is inner-faithful if
and only if, for all 1 ≤ i, j ≤ n, the map γ : aij → bij induces a surjective Hopf algebra map from
OA(GL) to H. 
The following result is clear from the lemma above.
Lemma 2.6. Suppose that the right coaction of OcA(GL) on A is given by ρOc : A → A ⊗ O
c
A(GL).
Then, for any Hopf algebra H that coacts on A from the right with central homological codeterminant, via
ρH : A→ A⊗H, we have the following statements.
ON QUANTUM GROUPS ASSOCIATED TO NON-NOETHERIAN REGULAR ALGEBRAS OF DIMENSION 2 9
(a) There is a unique Hopf algebra map γ : OcA(GL)→ H such that ρH = (Id⊗ γ) ◦ ρOc.
(b) Write ρH(vi) =
∑n
s=1 vs ⊗ bsi for some bsi ∈ H. Then, the H-coaction on A is inner-faithful if
and only if, for all 1 ≤ i, j ≤ n, the map γ : aij → bij induces a surjective Hopf algebra map from
OcA(GL) to H. 
Now we introduce several other quantum groups associated to A.
Definition 2.7 (OA(SL), OA(GL/S
2m), OA(SL/S
2m), OA(GL/S
∞), OA(SL/S
∞), OcA(∗)). Let D be
the homological codeterminant of the OA(GL)-coaction on A. Inside OA(GL), let L2m be the Hopf ideal
generated by the elements {S2m(a)− a | a ∈ OA(GL)} for any integer m ≥ 1.
(a) [25, Section 8.5] The quantum special linear group associated to A, denoted by OA(SL), is defined to
be the Hopf algebra quotient OA(GL)/(D− 1OA(GL)).
(b) The quantum S2m-trivial general linear group associated to A, denoted by OA(GL/S
2m), is defined
to be the Hopf algebra quotient OA(GL)/L2m.
(c) The quantum S∞-trivial general linear group associated to A, denoted by OA(GL/S
∞), is defined to
be the projective limit of Hopf algebras lim
←−
m∈Z>0
OA(GL/S
2m).
(d) Similarly, we can define quantum S2m-trivial special linear group associated toA, namelyOA(SL/S
2m)
and the quantum S∞-trivial special linear group, denoted as OA(SL/S
∞), by replacing OA(GL) with
OA(SL) in parts (b,c).
(e) Moreover, we have versions of the quantum groups above so that the coaction on A has central
homological codeterminant. Denote such a quantum group by replacing OA(∗) with O
c
A(∗).
Remark 2.8. (1) The projective limits for OA(GL/S
∞), OcA(GL/S
∞), and OA(SL/S
∞) are taken in the
category of coalgebras over the direct set Z>0 where n < m if n | m; see reference [1, Theorem 1.7]. By
the universal property, there is a unique Hopf algebra map from OA(GL) to OA(GL/S
∞), which factors
through all the projections OA(GL) ։ OA(GL/S
2m) for m ≥ 1. Similar statements hold for OcA(GL/S
∞)
and OA(SL/S
∞).
(2) We will see later in Lemma 2.15(c) and Corollary 2.17(c) that the finite dimensional generating
subspace
⊕
1≤i,j≤n kaij of O
c
A(GL) is invariant under the linear operator S
2m − I. Moreover, the chain of
images
· · · ⊇
⋂
1≤i≤m
im(S2i − I) ⊇
⋂
1≤i≤m+1
im(S2i − I) ⊇ . . .
stabilizes for m ≫ 0 in OcA(GL). Hence, O
c
A(GL/S
∞) is equal to OcA(GL/S
2m) for some m ≫ 0. See
Proposition 4.3 and Proposition 4.6, for instance. Similar statements hold for OA(SL/S
∞).
Now we discuss the universal property of the quantum groups above. By Remark 2.8(1), the S∞-trival
quantum group OA(GL/S
∞) coacts on A from the right via the unique Hopf algebra map OA(GL) →
OA(GL/S
∞). Abusing notation, we still consider {aij}1≤i,j≤n as elements of OA(GL/S
∞) via the unique
map above. The lemma below follows from the universal property of OA(GL) in Lemma 2.5.
Lemma 2.9. Suppose that the right coaction of OA(GL/S
∞) on A is given by ρO∞ : A→ A⊗OA(GL/S
∞).
Then, for any Hopf algebra H, with antipode of finite order, coacting on A, we have the following statements.
(a) There is a unique Hopf algebra map γ : OA(GL/S
∞)→ H such that ρH = (Id⊗ γ) ◦ ρO∞ .
(b) Write ρH(vi) =
∑n
s=1 vs ⊗ bsi for some bsi ∈ H. Then, the H-coaction on A is inner-faithful if
and only if, for all 1 ≤ i, j ≤ n, the map γ : aij → bij induces a surjective Hopf algebra map from
OA(GL/S
∞) to H. 
We have a similar result for Hopf algebras H , with antipodes of finite order, that coact on A subject to
the condition that the homological codeterminant is central (resp. trivial); in this case, replace OA(GL) with
OcA(GL) (resp., OA(SL)), and replace OA(GL/S
∞) with OcA(GL/S
∞) (resp., OA(SL/S
∞)) in the lemma
above.
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2.2. Dubois-Violette and Launer’s and Mrozinski’s quantum groups. In this subsection, we consider
Hopf algebras, defined by Dubois-Violette and Launer [15] and Mrozinski [28], which play the role of function
algebras on the quantum (symmetry) group of a non-degenerate bilinear form.
Definition 2.10 (B(E), G(E,F)). Let n ≥ 2 be an integer, and E,F ∈ GLn(k).
(a) [15] Let B(E) be the Hopf algebra with generators A := (aij)1≤i,j≤n satisfying the relations :
AE−1ATE = I = E−1ATEA,
with ∆(aij) =
∑n
s=1 ais ⊗ asj , ǫ(aij) = δij , for all 1 ≤ i, j ≤ n, and S(A) = E
−1ATE.
(b) [28] Let G(E,F) be the Hopf algebra with generators A = (aij)1≤i,j≤n, D, D
−1 satisfying the relations:
AE−1ATE = DI = FATF−1A, DD−1 = D−1D = 1,
with ∆(aij) =
∑n
s=1 ais ⊗ asj , ∆(D
±1) = D±1 ⊗ D±1, ǫ(aij) = δij , ǫ(D
±1) = 1, for all 1 ≤ i, j ≤ n,
and S(A) = E−1ATE(D−1I) = (D−1I)FATF−1, S(D±1) = D∓1.
For part (b), we take F−1,E−1 to be the matrices A,B in [28], respectively. Note that we have a surjective
Hopf algebra map G(E,E−1)։ B(E) ( ∼= G(E,E−1)/(D− 1)).
Remark 2.11. By convention, we extend the definition of B(E) to the case when E = J1. Here, B(J1) =
k[Z/2Z], as Hopf algebras.
Lemma 2.12. [15] [6, Proposition 2.3] [28, Theorem 1.3] Let E,F,P ∈ GLn(k). Then, B(E) ∼= B(P
TEP),
as Hopf algebras. Moreover, if ETFTEF = λI for some λ ∈ k×, then
G(F,E) ∼= G(PTFP,P−1E(P−1)T ) ∼= G(PTE−1P,P−1F−1(P−1)T ),
as Hopf algebras. 
Lemma 2.13. We have the following statements for the Hopf algebra G(E,F).
(a) If EF = λI for some λ ∈ k×, then the generator D is central in G(E,F).
(b) If FTE = λI for some λ ∈ k×, then G(E,F) is involutory.
In particular, the Hopf algebra G(E−1,ET ) is involutory, and the generator D is central in the Hopf algebra
G(E−1,E), for all E ∈ GLn(k).
Proof. (a) It suffices to check that D commutes with the generators A of G(E,F). This follows as
A(DI) = A(FATF−1A) = A(λIE−1ATλ−1IEA) = (AE−1ATE)A = (DI)A.
(b) By the antipode axiom, we get that
S2(A) = S(E−1ATED−1) = S(E−1ATD−1E)
= E−1DS(A)TE = E−1D((F−1)TD−1AFT )E
= (E−1(F−1)T )A(FTE).
Now apply FTE = λI for λ ∈ k× to get that S2 = Id. 
With use of Proposition 1.15, the following lemma shows that there is no abuse of the notation D between
Definitions 1.14 and 2.10.
Lemma 2.14. Suppose E,F ∈ GLn(k). We have the following statements.
(a) The algebra A(n,E) is a right G(E−1,F)-comodule algebra via the coaction ρG(vi) =
∑n
s=1 vs ⊗ asi
for all 1 ≤ i ≤ n, for any F. We also have that ρG
(∑
1≤i,j≤n eijvivj
)
=
(∑
1≤i,j≤n eijvivj
)
⊗ D.
(b) The algebra A(n,E) is a right B(E−1)-comodule algebra via the coaction ρB(vi) =
∑n
s=1 vs ⊗ asi for
all 1 ≤ i ≤ n. We have that ρB
(∑
1≤i,j≤n eijvivj
)
=
(∑
1≤i,j≤n eijvivj
)
⊗ 1.
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Proof. (a) It suffices to show that the relation
∑
1≤i,j≤n eijvivj is a one-dimensional G(E
−1,F)-comodule
under the coaction ρG . Direct computation shows that
ρG
(∑
1≤i,j≤n eijvivj
)
=
∑
1≤i,j,k,l≤n eij(vkvl)⊗ (akialj) =
∑
1≤k,l≤n(vkvl)⊗ (
∑
1≤i,j≤n akieija
T
jl)
=
∑
1≤k,l≤n(vkvl)⊗ (AEA
T )kl =
∑
1≤k,l≤n vkvl ⊗ (ED)kl
=
(∑
1≤k,l≤n eklvkvl
)
⊗ D.
(b) For the statement about B(E−1), take D = 1 (and F = E) in the argument above. 
2.3. Relationship between quantum groups. Now we establish a connection between the Manin’s,
Dubois-Violette and Launer’s, and Mrozinski’s quantum groups as follows.
Lemma 2.15. Let H be a Hopf algebra that coacts on A(E) with homological codeterminant D−1. Consider
the matrix B := (bij) such that ρ(vi) =
∑
1≤s≤n vs ⊗ bsi for bsi ∈ H. Then,
(a) BEBTE−1 = DI = EBTE−1D−1BD;
(b) BEBTE−1 = DI = EBTE−1B if D is central;
(c) S2(B) = DMBM−1D−1, where M = (µA(E)|A1)
T = −E(E−1)T ; and
(d) BEBTE−1 = DI = ETBT (E−1)TB if H is involutory.
Proof. (a) We have that the relation
∑
1≤i,j≤n eijvivj of A(E) generates a one-dimensional rightH-comodule.
By Proposition 1.15, we have that
ρ
(∑
1≤i,j≤n eijvivj
)
=
(∑
1≤i,j≤n eijvivj
)
⊗ D =
(∑
1≤i,j≤n vivj
)
⊗ (ED)ij .
We also get that
ρ
(∑
1≤i,j≤n eijvivj
)
=
∑
1≤i,j,k,l≤n eij(vkvl)⊗ (bkiblj)
=
∑
1≤k,l≤n(vkvl)⊗ (
∑
1≤i,j≤n bkieijb
T
jl)
=
∑
1≤k,l≤n(vkvl)⊗ (BEB
T )kl.
Hence, we have that BEBT = ED, which implies that BEBTE−1 = DI. So, half of part (a) holds.
Since BS(B) = I, for ∆(bij) =
∑n
s=1 bis ⊗ bsj , we get
S(B) = EBTE−1D−1I.
Moreover S(B)B = I, so we have that EBTE−1D−1BD = DI. Thus, part (a) holds.
(b) This follows immediately from (a).
(c) This follows from [11, Theorem 0.1] and Lemma 1.12(b) (or by direct computation).
(d) We get from part (a) and S2(B) = B that
DI = EBTE−1[D−1BD] = EBTE−1[E(E−1)TBETE−1] = EBT (E−1)TBETE−1,
which yields ETBT (E−1)TB = DI. The other relation follows from part (a). 
Now to get the connection between quantum groups discussed in the previous subsections, consider the
following definition and corollary to the lemma above.
Definition 2.16 (M(E)). Let n ≥ 2 be an integer, and E ∈ GLn(k). Consider the bialgebra M(E) with
generators A := (aij)1≤i,j≤n and D satisfying the relation AE
−1ATE = DI, with ∆(aij) =
∑n
s=1 ais ⊗ asj ,
∆(D) = D⊗ D, ǫ(aij) = δij , and ǫ(D) = 1.
Corollary 2.17. We have the following isomorphisms of various quantum linear (semi)groups.
(a) OA(E)(M) ∼=M(E
−1), as bialgebras; and
(b) OA(E)(SL) ∼= B(E
−1),
(c) Oc
A(E)(GL)
∼= G(E−1,E),
12 CHELSEA WALTON AND XINGTING WANG
(d) OA(E)(GL/S
2) ∼= G(E−1,ET ), as Hopf algebras.
Proof. We will show that Oc
A(E)(GL)
∼= G(E−1,E) as Hopf algebras. Parts (a),(b) and (d) follow in the same
fashion. By Lemmas 2.14 and 2.13, there exists a coaction of Gc := G(E−1,E) on A(E) with central homo-
logical codeterminant D−1. By Lemma 2.6, we then get a unique Hopf algebra map γ : Oc := OcA(GL)→ G
c
such that ρGc = (Id ⊗ γ) ◦ ρOc . On the other hand, by Definition 2.3 and Proposition 1.15, there exists a
coaction of OcA(GL) on A(E) with central homological codeterminant D
−1
O . Now by Lemma 2.15(b), there
exists a unique Hopf algebra map η : Gc → Oc such that η(D−1) = D−1O and ρOc = (Id⊗ η) ◦ ρGc . Therefore,
by uniqueness, γ and η are mutually inverse, and Gc and Oc are isomorphic as Hopf algebras. 
It is clear that there exists a surjection of Hopf algebras Oc
A(E)(GL)։ OA(E)(SL). Now we provide some
examples of the universal quantum linear groups above. Some of these computations overlap with those
presented in [11, Section 5].
Example 2.18. We compute the quantum linear groups associated to the quantum plane Aq := A(2,D2(q)).
We will see that OcAq (GL)
∼= O−q(GL2), OAq (SL)
∼= O−q(SL2), and Takeuchi’s two-parameter quantum
group OAq (GL/S
2) ∼= O−q,−q−1(GL2). The Hopf algebras on the right hand side are presented in [8,
Section I.1] and [34].
(a) We have generators a, b, c, d and group-like element D for OAq (M), and the following relations:
ab = −qba, cd = −qdc, ad+ qbc = da+ q−1cb = D,
with coalgebra structure given by ∆(a) = a⊗ a+ b ⊗ c, ∆(b) = a⊗ b + b⊗ d, ∆(c) = c⊗ a+ d⊗ c,
∆(d) = c⊗ b+ d⊗ d, ǫ(a) = ǫ(d) = 1, and ǫ(b) = ǫ(c) = 0.
(b) We pick up an extra generator D−1 for OcAq (GL). The relations of O
c
Aq
(GL) include the relations of
OAq (M) along with
bd = −qdb, ac = −qca, ad+ qcb = da+ q−1bc = D, DD−1 = D−1D = 1;
OcAq (GL) has the same coalgebra structure as OAq (M). The antipode of O
c
Aq
(GL) is given by
S(a) = dD−1, S(b) = q−1bD−1, S(c) = qcD−1, S(d) = aD−1, S(D±1) = D∓1.
(c) In OcAq (GL/S
2m), we get the additional relations
aDm = Dma, q−2mbDm = Dmb, q2mcDm = Dmc, dDm = Dmd.
Suppose that q2m 6= 1. Since D is central in OcAq (GL), we have b = c = 0. So, in this case,
OcAq (GL/S
2m) is generated by group-like elements a, d,D±1 where ad = da = D. So, OcAq (GL/S
2m) ∼=
k[Z× Z]. Else if q2m = 1, we have that OcAq (GL/S
2m) = OcAq (GL).
(d) Hence, if q is not a root of unity, then OcAq (GL/S
∞) = OcAq (GL/S
2) ∼= k[Z × Z] as Hopf algebras,
by part (c). Otherwise, if q is a root of unity, then OcAq (GL/S
∞) = OcAq (GL).
(e) Take D = 1 in (b), (c), (d) to get OAq (SL), OAq (SL/S
2m), and OAq (SL/S
∞), respectively.
(f) For arbitrary homological codeterminant, we have that OAq (GL/S
2) is generated a, b, c, d and group-
like elements D±1 with the following relations: DD−1 = D−1D = 1 and
ab = −qba, cd = −qdc, ad+ qbc = da+ q−1cb = D,
bd = −q−1db, ac = −q−1ca, ad+ q−1cb = da+ qbc = D.
The coalgebra structure and antipode is the same as given in parts (a) and (b).
Example 2.19. We compute the quantum linear groups associated to the quantum plane AJ := A(2, J2).
(a) We have generators a, b, c, d and group-like element D for OAJ (M), and the following relations:
[a, b] = b2, [c, d] = cb− da− db+ d2, −ab+ ad+ ba+ b2 − bc− bd = −cb+ da+ db = D,
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with coalgebra structure given by ∆(a) = a⊗ a+ b ⊗ c, ∆(b) = a⊗ b + b⊗ d, ∆(c) = c⊗ a+ d⊗ c,
∆(d) = c⊗ b+ d⊗ d, ǫ(a) = ǫ(d) = 1, and ǫ(b) = ǫ(c) = 0.
(b) We pick up an extra generator D−1 for OcAJ (GL). The relations of O
c
AJ
(GL) include the relations of
OAJ (M) along with DD
−1 = D−1D = 1, and
[d, b] = b2, [c, a] = a2 + ba+ bc− da, −ba− bc+ da = ab+ ad+ b2 + bd− cb− db = D;
OcAJ (GL) has the same coalgebra structure as OAJ (M). The antipode of O
c
AJ
(GL) is given by
S(a) = (d− b)D−1, S(b) = −bD−1, S(c) = (a+ b− c− d)D−1, S(d) = (a+ b)D−1, S(D±1) = D∓1.
(c) In OcAJ (GL/S
2m), we get the additional relations
(a+ 2mb)Dm = Dma, bDm = Dmb,
(−2ma− 4m2b+ c+ 2md)Dm = Dmc, (d− 2mb)Dm = Dmd.
Since D is central in OcAJ (GL), we have the additional relations: a = d, b = 0. So, for all m ≥ 1:
OcAJ (GL/S
2m) is generated by a, c and group-like elements D±1, with [c, a] = 0, D = a2, and
∆(a) = a⊗ a, ∆(c) = a⊗ c+ c⊗ a.
(d) So, OcAJ (GL/S
∞) = OcAJ (GL/S
2) as Hopf algebras, by part (c).
(e) Take D = 1 in (b), (c), (d) to get OAJ (SL), OAJ (SL/S
2m), and OAJ (SL/S
∞), respectively.
(f) For arbitrary homological codeterminant, we have that OAJ (GL/S
2) is generated a, b, c, d and group-
like elements D±1 with the following relations: DD−1 = D−1D = 1 and
[a, b] = b2, [c, d] = cb− da− db+ d2, −ab+ ad+ ba+ b2 − bc− bd = −cb+ da+ db = D,
[d, b] = −b2, [c, a] = −a2 + ba− bc+ da, ba− bc+ da = −ab+ ad+ b2 − bd− cb+ db = D.
The coalgebra structure and antipode is the same as given in parts (a) and (b).
Now we present an example of an infinite dimensional, noncommutative, noncocommutative, cosemisimple
Hopf algebra that coacts on the polynomial ring k[u, v] inner-faithfully. This shows that [16, Theorem 1.3]
cannot be extended to the setting of infinite dimensional, cosemisimple Hopf coactions on commutative
domains, in general. This example grew out of conversations between the first author, Pavel Etingof, and
Debashish Goswami; we thank Etingof and Goswami for allowing us to include this example here.
Example 2.20. Take q ∈ k× a non-root of unity, and take E = D2(−1) and F = D2(−q). By Defini-
tion 2.10(b), G(E−1,F−1) is generated by a, b, c, d and D,D−1 subject to relations: DD−1 = D−1D = 1,
ba = ab, cd = dc, db = q−1bd, ac = qca, ad− bc = da− cb = da− q−1bc = ad− qcb = D.
It is easy to see that this algebra is a localization of an iterated Ore extension at the denominator set formed
by the normal element D. Thus, this algebra is infinite dimensional and noncommutative.
The coalgebra structure of G(E−1,F−1) given by ∆(a) = a⊗a+b⊗c, ∆(b) = a⊗b+b⊗d, ∆(c) = c⊗a+d⊗c,
∆(d) = c⊗b+d⊗d, ∆(D±1) = D±1⊗D±1, and ǫ(a) = ǫ(d) = ǫ(D) = 1, and ǫ(b) = ǫ(c) = 0. So, G(E−1,F−1)
is noncocommutative. The antipode of G(E−1,F−1) is given by S(a) = dD−1, S(b) = −bD−1, S(c) =
−cD−1, S(d) = aD−1, S(D±1) = D∓1.
According to Lemma 2.14(a), we know that G(E−1,F−1) coacts on the polynomial algebra A(E) ∼= k[u, v]
via ρ(u) = u⊗ a+ v⊗ c, ρ(v) = u⊗ b+ v⊗ d. This coaction is inner-faithful due to the universal property of
G. Moreover, since (E−1)T (F−1)TE−1F−1 = q−1I, we apply [28, Theorem 1.1] to conclude that G(E−1,F−1)
is cosemisimple. Thus, we have the desired Hopf coaction.
In the example above, note that the noncommutative Hopf algebra G(E−1,F−1), with E = D2(−1) and
F = D2(−q), is not involutory. On the other hand, the universal involutory quantum linear group associated
to the polynomial algebra A(2,E) is always commutative by Example 2.18(f). This prompts the following
question due to Julien Bichon.
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Question 2.21 (J. Bichon). Can an infinite dimensional, noncommutative, cosemisimple, involutory Hopf
algebra coact on a commutative domain inner-faithfully?
3. Homological properties of OA(E)(SL)
In this section, we verify several homological properties of the quantum groups OA(E)(SL) ∼= B(E
−1) (see
Corollary 2.17). Namely, we prove Theorem 0.2. The results below follow essentially from work of Bichon [7].
First, we need the preliminary result, which follows from a routine computation. Note that for a Hopf alge-
bra (H,m, u,∆, ǫ, S) with bijective antipode S, the opposite Hopf algebraHop is given by (H,mop, u,∆, ǫ, S−1).
Lemma 3.1. We have that B(E)op ∼= B(ET ) as Hopf algebras. 
The result above is expected as A(E)op ∼= A(ET ) as k-algebras. Now we establish Theorem 0.2 via the
results below.
Proposition 3.2. The quantum group B := B(E) is Artin-Schelter regular of global dimension 3.
Proof. By forgetting the right B-coaction of the Yetter-Drinfeld resolution of the counit of B presented in
[7, Theorem 5.1], we obtain a length 3 resolution of the trivial module kB. Now we have that l.gl.dim(B)
= r.gl.dim(B) ≤ 3 by [22, page 37] and Lemma 3.1. By [7, Theorem 6.1], we get that B is homologically
smooth of dimension 3. So, by [9, Lemma 5.2(a)], we also get that gl.dim(B) ≥ 3. Thus, gl.dim(B) = 3.
Now, with Lemma 3.1, it suffices to show that B is right AS Gorenstein. By [7, Proposition 6.2], we have
that ExtiB(kB, MB) = Tor
3−i
B (kB, θM), for i = 0, 1, 2, 3. Here, θ is the algebra anti-automorphism of B
defined by θ(A) = S(A)E−1ETE−1ET , and θM has the left B-module structure given by b ·m = m ·θ(b). Take
MB to be BB. Then, it is easy to see that θM ∼= BB. Since BB is projective, we have that Tor
i
B(kB, BB) =
k ⊗B B = k if i = 0, and 0 otherwise. Thus, Ext
3
B(kB, BB) = k, and Ext
i
B(kB, BB) = 0 for i 6= 3, as
desired. 
Proposition 3.3. The quantum group B(E) is skew Calabi-Yau (homologically smooth of dimension 3 ).
Proof. By [7, Theorem 6.1], we have that B is homologically smooth of dimension 3. Since B has a bijective
antipode, the rigid Gorenstein property follows from the AS Gorenstein property established in Proposi-
tion 3.2. Namely apply [9, Lemmas 2.2(c), 2.4(b), 4.5] as follows; all of these results do not require B to be
Noetherian. We first get, for all i, that ExtiBe(B,B
e) = ExtiB(k, L(B
e)), where L(Be) is a free left B-module
defined by b ·m =
∑
b1mS(b2) for all m ∈ B
e. So, we get that ExtiBe(B,B
e) = ExtiB(k,B)⊗B L(B
e), for all
i. By the AS Gorenstein property, we now have Ext3Be(B,B
e) = k⊗B L(B
e) and ExtiBe(B,B
e) = 0, for i 6= 3.
Since k⊗B L(B
e) ∼= µB1 as B-bimodules, for some algebra automorphism µ of B, we are done. 
Now we recall from [7] the computation of the Nakayama automorphism of B := B(E).
Lemma 3.4. [7, Corollary 6.3] The Nakayama automorphism µB of B(E) is given by
µB(A) = E
−1ETAE−1ET . 
Corollary 3.5. If E is symmetric or skew-symmetric, then B(E) is both Calabi-Yau and involutory.
Proof. The antipode of B(E) is given by S(A) = E−1ATE. So, S2(A) = S(E−1ATE) = E−1S(A)TE =
XAX−1, for X = E−1ET . Since E is symmetric or skew-symmetric, we get that X = ±I and B(E) is
involutory. Moreover, we have that B(E) is Calabi-Yau by Lemma 3.4. 
4. Ring-theoretic properties of OA(E)(GL/S
2), Oc
A(E)(GL), and OA(E)(SL)
In this section, we establish ring-theoretic properties of the variants of the quantum general linear groups
Oc
A(E)(GL)
∼= G(E−1,E), OA(E)(GL/S
2) ∼= G(E−1,ET ), and quantum special linear groups OA(E)(SL) ∼=
B(E−1) (see Corollary 2.17). Namely, we verify Theorem 0.3; see Theorem 4.15 below. To begin, consider
the following notation.
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Notation 4.1 (Ti,j , L, U). Take Ti,j to be the matrix inMn(k) with 1 in the (i, j)-th entry and 0 elsewhere.
We denote by L =
∑
2≤i≤n Ti,i−1 the matrix having 1’s on the subdiagonal. Likewise, we denote by U =∑
1≤i≤n−1 Ti,i+1 the matrix having 1’s on the superdiagonal.
Notice that Lm =
∑
m+1≤i≤n Ti,i−m and L
m = 0 for m ≥ n. Similarly, we have Um =
∑
1≤i≤n−m Ti,i+m
and Um = 0 for m ≥ n. By convention, L0 = U0 = I.
Lemma 4.2. For any M ∈Mn(k), we have the following statements:
(a) If (
∑
i≥0 aiL
i)M =M(
∑
i≥0 aiL
i) for ai ∈ k with a1 6= 0, then M =
∑
i≥0 piL
i for some pi ∈ k.
(b) If (
∑
i≥0 biU
i)M =M(
∑
i≥0 biU
i) for bi ∈ k with b1 6= 0, then M =
∑
i≥0 qiU
i for some qi ∈ k.
(c) Let ψ be an endomorphism of Mn(k) defined by
M 7→
(∑
i≥0 aiL
i
)
M−M
(∑
i≥0 biU
i
)
.
If a0 6= b0, then ψ is bijective.
(d) Let φ be an endomorphism of Mn(k) defined by
M 7→
(∑
i≥0 biU
i
)
M−M
(∑
i≥0 aiL
i
)
.
If a0 6= b0, then φ is bijective.
Proof. It suffices to show (a) and (c); the proofs of (b) and (d) are similar.
(a) It is clear that the minimal polynomial of
∑
i≥0 aiL
i is (x − a0)
n since a1 6= 0. So, after a linear
transformation, we can assume that a2 = a3 = · · · = an−1 = 0 and a1 6= 0. Then, the result follows from a
direct computation.
(c) To prove the injectivity of ψ, say X := (
∑
i≥0 aiL
i)M−M(
∑
i≥0 biU
i) = 0 for M =: (mij). We proceed
by induction on the size of the matrices, n. If n = 1, then the result clearly holds. Further, for n > 1, it
is clear that the (1, 1)-th entry of X is (a0 − b0)m11. So, m11 = 0 since a0 6= b0. Then, the (1, 2)-th entry
of X is (a0 − b0)m12 = 0, which again implies that m12 = 0. The same is true for m21. Continuing in this
manner, we see that the first column and the first row of M are zero. Now injectivity follows from induction.
Since Mn(k) is finite dimensional, the map ψ is also surjective. 
Let us study the quantum linear groups OcA(GL/S
∞) and OA(SL/S
∞), for A an AS regular algebra of
Jordan type. Compare to Example 2.19.
Proposition 4.3. For any AS regular algebra of Jordan type AJord = A(Jn), we have that
(a) OcAJord(GL/S
2m) is generated by a0, a1, . . . , an−1 and central group-like elements D
±1, subject to the
relations:
a20 = D and a0ai−1 − a1ai−2 + · · ·+ (−1)
i−1ai−1a0 = 0 for all 2 ≤ i ≤ n
with the coalgebra structure and antipode given by
∆(a0) = a0 ⊗ a0 and ∆(ai−1) = a0 ⊗ ai−1 + a1 ⊗ ai−2 + · · ·+ ai−1 ⊗ a0 for all 2 ≤ i ≤ n
ǫ(ai) = δi0 and S(ai) = (−1)
iD−1ai for all 0 ≤ i ≤ n− 1;
(b) OcAJord(GL/S
∞) ∼= OcAJord(GL/S
2) as Hopf algebras, and OcAJord(GL/S
∞) is involutory.
Proof. (a) By Corollary 2.17, we know that OcAJord(GL)
∼= G(J−1n , Jn) for E = Jn. Suppose that O
c
AJord
(GL)
is generated by entries of A := (ai,j)1≤i,j≤n and D
±1. Moreover, we have that S2(D) = D and S2(A) =
XAX−1, where X := Jn(J
−1
n )
T . The Hopf ideal L2m that defines the S
2m-trivial general linear quantum
group OcAJord(GL/S
2m) is generated by entries of the matrix: XmA − AXm. Using Notation 4.1, direct
computation shows that
X = (−1)n+1L0 + 2(−1)nL+ · · ·+ 2(−1)2Ln−1.
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Hence, we have that
Xm = (−1)m(n+1)L0 + 2m(−1)nm+m−1L+ · · · .
With a dual version of Lemma 4.2(a), we get that ai,j =: ai−j if j ≤ i, and ai,j = 0 if j > i in the quotient
space A := A/(XmA− AXm). So we take representatives a0, a1, . . . , an−1 such that
(4.4) A = a0L
0 + a1L+ a2L
2 + · · ·+ an−1L
n−1.
Now using the structure of G(J−1n , Jn) in Definition 2.10, one obtain the relations, coalgebra structure, and
antipode of OcAJord(GL/S
2m) as claimed by direct computation.
(b) This follows from (a) since OcAJord(GL/S
2m) stabilizes for m ≥ 1. 
We get the following immediate consequence.
Corollary 4.5. For any AS regular algebra of Jordan type AJord = A(Jn), we have that
(a) OAJord(SL/S
2m) is generated by a0, a1, . . . , an−1, subject to the relations:
a20 = 1 and a0ai−1 − a1ai−2 + · · ·+ (−1)
i−1ai−1a0 = 0 for all 2 ≤ i ≤ n
with the coalgebra structure and antipode given by
∆(a0) = a0 ⊗ a0 and ∆(ai−1) = a0 ⊗ ai−1 + a1 ⊗ ai−2 + · · ·+ ai−1 ⊗ a0 for all 2 ≤ i ≤ n
ǫ(ai) = δi0 and S(ai) = (−1)
iai for all 0 ≤ i ≤ n− 1;
(b) OAJord(SL/S
∞) ∼= OAJord(SL/S
2) as Hopf algebras, and OAJord(SL/S
∞) is involutory. 
Now let us study the quantum linear groups OcA(GL/S
∞) and OA(SL/S
∞), for A an AS regular algebra
of double quantum type. Compare to Example 2.18.
Proposition 4.6. For any AS regular algebra of double quantum type ADq = A(D2r(q)) with q a non-root
of unity, we have the statements below.
(a) OcADq (GL/S
2m) is generated by a0, a1, . . . ar−1, b0, b1, . . . , br−1 and central group-like elements D
±1
subject to relations:
a0b0 = b0a0 = D
a0bi−1 + a1bi−2 + · · ·+ ai−1b0 = b0ai−1 + b1ai−2 + · · ·+ bi−1a0 = 0 for all 2 ≤ i ≤ r
with the coalgebra structure and antipode given by
∆(a0) = a0 ⊗ a0, ∆(ai−1) = a0 ⊗ ai−1 + a1 ⊗ ai−2 + · · ·+ ai−1 ⊗ a0 for 2 ≤ i ≤ r
∆(b0) = b0 ⊗ b0, ∆(bi−1) = b0 ⊗ bi−1 + b1 ⊗ bi−2 + · · ·+ bi−1 ⊗ b0 for 2 ≤ i ≤ r,
where ǫ(ai) = ǫ(bi) = δi0 and S(ai) = D
−1bi, S(bi) = D
−1ai for all 0 ≤ i ≤ r − 1.
(b) OcADq (GL/S
∞) ∼= OcADq (GL/S
2) as Hopf algebras, and OcADq (GL/S
∞) is involutory.
Proof. (a) We apply the same process as in the proof of Proposition 4.3 for E = D2r(q). We see that
E(E−1)T=Diag(X,Y), where X = q−1I−q−2L and Y = qI+U are r-by-r matrices, using Notation 4.1. Write
A = (Aij)1≤i,j≤2, for Aij being an r-by-r matrix. Then, the subspace spanned by the entries of S
2m(A)−A
can be spanned by the entries of(
X 0
0 Y
)
m
A− A
(
X 0
0 Y
)
m
=
(
Xm 0
0 Ym
)(
A11 A12
A21 A22
)
−
(
A11 A12
A21 A22
)(
Xm 0
0 Ym
)
=
(
XmA11 − A11X
m XmA12 − A12Y
m
YmA21 − A21X
m YmA22 − A22Y
m
)
.
Note that
Xm = q−mI−mq−m−1L+ · · · and Ym = qmI+mqm−1U+ · · · .
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Since q2m 6= 1, we have that q−m 6= qm. Hence A12/(X
mA12 − A12Y
m) = 0 by Lemma 4.2(c). Similarly,
A21/(Y
mA21 − A21X
m) = 0 by Lemma 4.2(d). Furthermore by applying Lemma 4.2(a,b), we can choose
representatives a0, a1, . . . , ar−1, b0, b1, . . . , br−1 in the quotient space A = Diag(A11,A22) such that
A11 := A11/(X
mA11 − A11X
m) = a0L
0 + a1L+ · · ·+ ar−1L
r−1
A22 := A22/(Y
mA22 − A22Y
m) = b0U
0 + b1U+ · · ·+ br−1U
r−1.
Recall E = D2r(q) =
(
0 Ir
Br(q) 0
)
as in Notation 1.5. After passing to the quotient algebra, the relations of
OcADq (GL/S
2m) are EA
T
E−1A = DI = AEA
T
E−1. Hence, we have
A11A
T
22 = A
T
22A11 = DI and Br(q)A
T
11Br(q)
−1A22 = A22Br(q)A
T
11Br(q)
−1 = DI.
Since A
T
11Br(q) = Br(q)A
T
11, the relations above are equivalent to A22A
T
11 = A
T
11A22 = DI. Now the result
follows by a direct computation. Namely, if (ai,j)1≤i,j≤2r are the generators for O
c
ADq
(GL), then ai,j = ai−j
for 1 ≤ j ≤ i ≤ r, and ai,j = bj−i for r + 1 ≤ i ≤ j ≤ 2r, and ai,j = 0 otherwise.
(b) This follows from (a). Namely, we see that OcADq (GL/S
2m) stabilizes for m ≥ 1. 
We get the following immediate consequence.
Corollary 4.7. For any AS regular algebra of double quantum type ADq = A(D2r(q)) with q a non-root of
unity, we have that:
(a) OADq (SL/S
2m) is generated by a0, a1, . . . ar−1, b0, b1, . . . , br−1 subject to relations:
a0b0 = b0a0 = 1
a0bi−1 + a1bi−2 + · · ·+ ai−1b0 = b0ai−1 + b1ai−2 + · · ·+ bi−1a0 = 0 for all 2 ≤ i ≤ r
with the coalgebra structure and antipode given by
∆(a0) = a0 ⊗ a0, ∆(ai−1) = a0 ⊗ ai−1 + a1 ⊗ ai−2 + · · ·+ ai−1 ⊗ a0 for 2 ≤ i ≤ r
∆(b0) = b0 ⊗ b0, ∆(bi−1) = b0 ⊗ bi−1 + b1 ⊗ bi−2 + · · ·+ bi−1 ⊗ b0 for 2 ≤ i ≤ r,
where ǫ(ai) = ǫ(bi) = δi0 and S(ai) = bi, S(bi) = ai for all 0 ≤ i ≤ r − 1;
(b) OADq (SL/S
∞) ∼= OADq (SL/S
2) as Hopf algebras, and OADq (SL/S
∞) is involutory. 
Now we provide an alternative description for the quantum linear groups OcA(GL/S
∞) and OA(SL/S
∞),
for AJord, and for ADq with q a non-root of unity. First, consider the following terminology.
Definition 4.8 (NSymm(n)). [17, Section 3.1] The Hopf algebra of noncommutative symmetric functions
on n variables NSymm(n) is the free algebra on n generators k〈x1, . . . , xn〉, with coalgebra structure given
by ∆(xi) =
∑
j+k=i xj ⊗ xk. Here, x0 = 1. Moreover, ǫ(xi) = δi0, and the antipode S is defined inductively:
S(x1) = −x1 with S(xi) = −
∑i
k=1 xkS(xi−k) for 2 ≤ i ≤ n.
We have that
(4.9) NSymm(n) ∼= U(L〈p1, . . . , pn〉),
where the latter is the universal enveloping algebra of the free Lie algebra generated by p1, . . . , pn, where
the pis are defined inductively by p1 = x1 and ixi = xi−1p1 + xi−2p2 + · · ·+ pi for 2 ≤ i ≤ n.
Corollary 4.10. We have the following isomorphisms of Hopf algebras:
OcAJord(GL/S
∞) ∼= NSymm(n-1)#kZ and OAJord(SL/S
∞) ∼= NSymm(n-1)#k[Z/2Z].
Here, the action of kZ (resp., of k[Z/2Z]) on NSymm(n-1) is given inductively by g(x1) = x1 with g(xi) =∑i
j=1(−1)
j+1xjg(xi−j), for 2 ≤ i ≤ n− 1 for the generator g of Z (resp., of Z/2Z).
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Proof. This follows from Proposition 4.3 and Corollary 4.5 by using the isomorphism: g 7→ a0 and xi 7→ aia
−1
0
for 1 ≤ i ≤ n− 1. 
Take Z copies of the noncommutative symmetric functions NSymm(n)[s] on n variables x
[s]
1 , . . . , x
[s]
n ,
indexed by s ∈ Z. We consider the free product
FNSymm(n) :=
∐
s∈Z
NSymm(n)[s].
We use ϕ to denote the Hopf automorphism of each summand NSymm(n)[s] given inductively by
ϕ(x
[s]
1 ) = −x
[s]
1 and ϕ(x
[s]
i ) = −
∑
1≤j≤i
x
[s]
j ϕ(x
[s]
i−j), for 2 ≤ i ≤ n,
where x
[s]
0 = 1. It is easy to show that ϕ is well-defined and ϕ
2 = id, by induction. To see this, note that∑
i+j=m
i,j>0
xiϕ(xj) =
∑
i+j=m
i,j>0
ϕ(xi)xj
for all m ≥ 2. We denote by (g, h) the generators of Z× Z. The Z× Z-action on FNSymm(n) is given by
gk(x
[s]
i ) = ϕˆ
k(x
[s+k]
i ) and h
k(x
[s]
i ) = ϕˇ
k(x
[s−k]
i ), for s ∈ Z,
where ϕˆ = ϕˇ = ϕ.
Corollary 4.11. Suppose that q is not a root of unity. Then, we have the Hopf algebra isomorphisms below:
OcADq (GL/S
∞) ∼= FNSymm(r-1)#k[Z× Z] and OADq (SL/S
∞) ∼= FNSymm(r-1)#kZ,
where the Z-action on FNSymm(r-1) in the latter isomorphism is induced by taking gh = 1 in the Z×Z-action
on FNSymm(r-1).
Proof. We denote the generators of OcADq (GL/S
∞) by a0, . . . , ar−1, b0, . . . , br−1 and D
±1 subject to the
relations in Proposition 4.6. Recall, in particular, that a0b0 = b0a0 = D. We define a map
Ψ : OcADq (GL/S
∞)→ FNSymm(r-1)#k[Z× Z]
given by
Ψ(a0) = g, Ψ(b0) = h, Ψ(ai) = x
[1]
i g, Ψ(bi) = x
[0]
i h, for all 1 ≤ i ≤ r − 1.
It follows from a direct computation that Ψ is a well-defined Hopf algebra map. Now Ψ maps the Hopf
subalgebra A := k〈a1a
−1
0 , . . . , ar−1a
−1
0 〉 of O
c
ADq
(GL/S∞) onto the [1]-th copy NSymm(r-1)[1], and B :=
k〈b1b
−1
0 , . . . , br−1b
−1
0 〉 onto the [0]-th copy NSymm(r-1)
[0], in FNSymm(r-1).
By an abuse of notation, we take ϕˆ(a1a
−1
0 ) = −a1a
−1
0 , and ϕˆ(aia
−1
0 ) = −
∑
1≤j≤i aja
−1
0 ϕˆ(ai−ja
−1
0 )
for 2 ≤ i ≤ r − 1 inductively; we take the same for B using ϕˇ. Note that ϕ2 = id on A,B. Then, direct
computation shows that Ψ is bijective with inverse given by Ψ−1(g) = a0, Ψ
−1(h) = b0, and for 1 ≤ i ≤ r−1,
Ψ−1(x
[s]
i ) =
{
b−s0 ϕˇ
s(bib
−1
0 )b
s
0 s ≤ 0
as−10 ϕˆ
1−s(aia
−1
0 )a
1−s
0 s > 0.
Here, a−10 = b0D
−1 and b−10 = a0D
−1, and for t ≥ 0 note that
(4.12) Ψ−1(ϕt(x
[s]
i )) =
{
b−s0 ϕˇ
s+t(bib
−1
0 )b
s
0 s ≤ 0
as−10 ϕˆ
1−s+t(aia
−1
0 )a
1−s
0 s > 0.
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The most difficult calculations are the following; the rest are routine or follow similarly to those below:
Ψ−1(gx
[s]
i ) =
{
a0b
−s
0 ϕˇ
s(bib
−1
0 )b
s
0 s ≤ 0
a0a
s−1
0 ϕˆ
1−s(aia
−1
0 )a
1−s
0 s > 0
=


a0b
−s
0 ϕˇ
s(bib
−1
0 )b
s
0 s < −1
a0b0ϕˇ
−1(bib
−1
0 )b
−1
0 s = −1
a0bib
−1
0 s = 0
a0a
s−1
0 ϕˆ
1−s(aia
−1
0 )a
1−s
0 s > 0
=


Db
−(s+1)
0 ϕˇ
s(bib
−1
0 )b
s+1
0 a0D
−1 s ≤ −1
Dϕˇ(bib
−1
0 )b
−1
0 s = −1
a0bib
−1
0 (a
−1
0 a0) s = 0
as0ϕˆ
1−s(aia
−1
0 )a
−s
0 a0 s > −1
=


b
−(s+1)
0 ϕˇ
s(bib
−1
0 )b
s+1
0 a0 s ≤ −1
ϕˇ(bib
−1
0 )Db
−1
0 s = −1
(a0(bib
−1
0 )a
−1
0 )a0 s = 0
as0ϕˆ
1−s(aia
−1
0 )a
−s
0 a0 s > −1
=


b
−(s+1)
0 ϕˇ
s+2(bib
−1
0 )b
s+1
0 a0 s ≤ −1
ϕˇ(bib
−1
0 )a0 s = −1
ϕˆ(aia
−1
0 )a0 s = 0
as0ϕˆ
1−s(aia
−1
0 )a
−s
0 a0 s > −1
=
{
b
−(s+1)
0 ϕˇ
s+2(bib
−1
0 )b
s+1
0 a0 s ≤ −1
as0ϕˆ
1−s(aia
−1
0 )a
−s
0 a0 s > −1
= Ψ−1
(
ϕˆ(x
[s+1]
i )g
)
;
Ψ(Ψ−1(x
[s]
i )) =
{
Ψ
(
b−s0 ϕˇ
s(bib
−1
0 )b
s
0
)
s ≤ 0
Ψ
(
as−10 ϕˆ
1−s(aia
−1
0 )a
1−s
0
)
s > 0
=
{
h−sϕˇs(x
[0]
i )h
s s ≤ 0
gs−1ϕˆ1−s(x
[1]
i )g
1−s s > 0
= x
[s]
i .
This establishes the first isomorphism; the argument for the second isomorphism is similar by using Corol-
lary 4.7. 
In the following, we consider the Noetherian condition and Gelfand-Kirillov (GK) dimension for the
quantum group OA(E)(SL/S
2), which is a Hopf quotient of both OA(E)(GL/S
2) and Oc
A(E)(GL).
Lemma 4.13. Take E = D2r(q) for r ≥ 2, or Jn for n ≥ 3. Then, we have that OA(E)(SL/S
2) is not
Noetherian and has infinite GK dimension.
Proof. First, consider the case E = D2r(q). As in the proof of Proposition 4.6, take the quotient space
A =
(
A11 0
0 A22
)
of the generating space A of OADq (SL)
∼= B(E−1), where
A11 := a0L
0 + a1L+ · · ·+ ar−1L
r−1 and A22 := b0U
0 + b1U+ · · ·+ br−1U
r−1.
The corresponding quotient Hopf algebra of B(E−1) is generated by a0, . . . , ar−1, b0, . . . , br−1, subject to
the relations described in Corollary 4.7. It is clear that this quotient Hopf algebra of OADq (SL) indeed
factors through OADq (SL/S
2) since it is cocommutative and hence involutory. Then, we get a Hopf algebra
surjection from OADq (SL/S
2) to FNSymm(r-1)#kZ via an argument similar to the proof of Corollary 4.11.
Since r ≥ 2, we see that FNSymm(r-1) is a free algebra on an infinite number of generators, hence it is not
Noetherian and has infinite GK dimension. Now the skew group algebra FNSymm(r-1)#kZ is not Noetherian
since its coefficient ring is not Noetherian. Moreover, FNSymm(r-1)#kZ has infinite GK dimension since it
contains the subalgebra FNSymm(r-1).
The case where E = Jn follows in the same fashion by using Corollary 4.10. 
Now we consider the Noetherian property and GK dimension of a free product of quantum special linear
groups. Let A = k〈x1, . . . , xn〉/(I) and B = k〈y1, . . . , ym〉/(J ) be two finitely presented algebras. Recall
that their free product A ∗B (= A
∐
B) can be presented as k〈x1, . . . , xn, y1, . . . , ym〉/(I,J ).
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Lemma 4.14. Let OAi(SL/S
2) be either the quantum S2-trivial special linear group associated to Ai = A(Ei)
for Ei ∈ GLni(k), or k[Z/2Z] associated to Ai = A(J1). If n1+ · · ·+nℓ ≥ 3, then the free product of quantum
groups
∐ℓ
i=1OAi(SL/S
2) is not Noetherian and has infinite Gelfand-Kirillov dimension.
Proof. Recall from Remark 2.11 that OA(J1)(SL)
∼= k[Z/2Z], as Hopf algebras; it is easy to see that in this
case OA(J1)(SL) = OA(J1)(SL/S
2). Note for arbitrary Hopf algebrasH and H ′, we get two surjective algebra
maps from the free product H ∗H ′ to H and H ′, respectively, by using the counits of H ′ and H . Therefore,
if H ∗H ′ is Noetherian and has finite GK dimension, then so does H and H ′. Thus, by Lemma 4.13 and
Corollary 2.17, it suffices to show that the S2-trivial quotient Hopf algebras of the following free products
of quantum groups are not Noetherian and have infinite GK dimension:
(I) B(D2(q)
−1) ∗ B(D2(p)
−1); (IV) B(J−12 ) ∗ B(J
−1
1 );
(II) B(D2(q)
−1) ∗ B(J−11 ); (V) B(J
−1
2 ) ∗ B(J
−1
2 );
(III) B(D2(q)
−1) ∗ B(J−12 ); (VI) B(J
−1
1 ) ∗ B(J
−1
1 ) ∗ B(J
−1
1 ).
By Example 2.18, we have that B(D2(q)
−1) has an S2-trivial quotient Hopf algebra kZ (take b = c = 0).
By Example 2.19, we have that B(J−12 ) has an S
2-trivial quotient Hopf algebra k[Z/2Z]⊗ k[x] (take a = d,
b = 0, x := c), which in turn, has an S2-trivial quotient Hopf algebra k[x] (take, further, a = d = 1). Hence,
by taking S2-trivial quotient Hopf algebras of (I)-(VI) above, it suffices to check that the following Hopf
algebras are not Noetherian and have infinite GK dimension:
(i) kZ ∗ kZ ∼= k〈x, x−1, y, y−1〉/(xx−1 − 1, x−1x− 1, yy−1 − 1, y−1y − 1);
(ii) kZ ∗ k[Z/2Z] ∼= k〈x, x−1, y〉/(xx−1 − 1, x−1x− 1, y2 − 1);
(iii) k[x] ∗ kZ ∼= k〈x, y, y−1〉/(yy−1 − 1, y−1y − 1);
(iv) k[x] ∗ k[Z/2Z] ∼= k〈x, y〉/(y2 − 1);
(v) k[x] ∗ k[y] ∼= k〈x, y〉;
(vi) k[Z/2Z] ∗ k[Z/2Z] ∗ k[Z/2Z] ∼= k〈x, y, z〉/(x2 − 1, y2 − 1, z2 − 1).
To this end, consider the ascending chain of ideals I1 ( I2 ( · · · ( Ij ( . . . , in the respective cases:
for (i) Ij = (yxy + x, yx
2y + x2, . . . , yxjy + xj);
for (ii) Ij = (yxy + x, yx
2y + x2, . . . , yxjy + xj);
for (iii) Ij = (xyx, xy
2x, . . . , xyjx);
for (iv) Ij = (yxy + x, yx
2y + x2, . . . , yxjy + xj);
for (v) Ij = (xyx, xy
2x, . . . , xyjx);
for (vi) Ij = (xyzx+ yz, x(yz)
2x+ (yz)2, . . . , x(yz)jx+ (yz)j).
Thus, the Hopf algebras in (I)-(VI) above are not Noetherian, as desired.
Moreover, the Hopf algebras (i)-(vi) all contain a free algebra on two variables: k〈x, y〉 for (i), (iii), (v);
k〈x, xy〉 for (ii), (iv); and k〈xy, xz〉 for (vi). Thus, the Hopf algebras in (I)-(VI) above have infinite GK
dimension, as desired. 
Theorem 4.15. Recall the Hopf algebra isomorphisms provided in Corollary 2.17. We have that the following
statements are equivalent for any AS regular algebra A(n,E) of global dimension 2:
(a) n = 2.
(b) OcA(n,E)(GL)
∼= G(E−1,E), and OA(n,E)(SL) ∼= B(E
−1) are Noetherian;
(c) Oc
A(n,E)(GL)
∼= G(E−1,E), and OA(n,E)(SL) ∼= B(E
−1) have finite Gelfand-Kirillov dimension;
(d) OA(n,E)(GL/S
2) ∼= G(E−1,ET ), and OA(n,E)(SL/S
2) are Noetherian;
(e) OA(n,E)(GL/S
2) ∼= G(E−1,ET ), and OA(n,E)(SL/S
2) have finite Gelfand-Kirillov dimension.
Proof. (a) ⇒ (b,c). By Corollary 1.8, we can assume that E = D2(q) or J2. When E = D2(q), we have
that Oc
A(E)(GL) is Noetherian and has finite GK dimension by [8, Theorems I.1.17 and I.1.19] and [26,
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Proposition 8.2.13]. (See Example 2.18.) When E = J2, we see by Example 2.19 that O
c
A(J2)
(GL) ∼= R[D−1],
where R = k[b][a;σ1, δ1][d;σ2, δ2][c;σ3, δ3] is an iterated Ore extension of k. Here,
σ1(b) = b, δ1(b) = b
2, σ2(b) = b, σ2(a) = a− b, δ2(b) = b
2, δ2(a) = ab+ b
2
σ3(b) = b, σ3(a) = a+ b, σ3(d) = b+ d, δ3(b) = ba+ db, δ3(a) = a
2 + ba− da, δ3(d) = ba− da+ d
2.
So, OcA(J2)(GL) is Noetherian and has finite GK dimension. Then, OA(2,E)(SL), which is a factor of
OcA(2,E))(GL) by the central element D− 1, is Noetherian and has finite GK dimension.
(a)⇒ (d,e). Likewise, it is routine to see by parts (f) of Examples 2.18 and 2.19 that bothOA(D2(q))(GL/S
2)
and OA(J2)(GL/S
2) are isomorphic to R[D−1], where R = k[b][a;σ1, δ1][d;σ2, δ2][c;σ3, δ3] is an iterated Ore
extension of k. Here, D is a regular normal element of R. Thus, OA(D2(q))(GL/S
2) and OA(J2)(GL/S
2) are
Noetherian and have finite GK dimension.
(b,c)⇒ (a). Now take n ≥ 3. By Lemma 1.3 and Lemma 1.6, we can assume that E = E1⊕E2⊕· · ·⊕Eℓ,
where Ei = Jni or D2ri(qi), for i = 1, . . . , ℓ. So, we have that OA(n,E)(SL)
∼= B(E−11 ⊕ E
−1
2 ⊕ · · · ⊕ E
−1
ℓ ) by
Corollary 2.17. In the generating space A of B(E−1), we take the quotient space A = Diag(A11,A22, · · · ,Aℓℓ),
so that Aii generates B(E
−1
i ). Hence, there is a surjection from B(E
−1) onto the free product of Hopf algebras
generated by A:
B := B(E−11 ) ∗ B(E
−1
2 ) ∗ · · · ∗ B(E
−1
ℓ ).
Now, Lemma 4.14 implies that the homomorphic image
∐ℓ
i=1OAi(SL/S
2) of B is not Noetherian and has
infinite GK dimension. Thus, OA(n,E)(SL) is not Noetherian and has infinite GK dimension. Moreover, the
same holds for Oc
A(E)(GL) by considering its Hopf quotient OA(n,E)(SL).
(d,e) ⇒ (a). By employing an argument to the one presented in the paragraph above, we get that
OA(n,E)(GL/S
2) and OA(n,E)(SL/S
2) are not Noetherian and have infinite GK dimension since these quan-
tum groups both have
∐ℓ
i=1OAi(SL/S
2) as a homomorphic image. 
5. Cocommutative inner-faithful Hopf coactions on AS regular algebras
In this section, we study inner-faithful Hopf coactions on AS regular algebras R. We establish a general
result in Theorem 5.6, which will be applied to the case where R = A(E) in Corollary 5.15. Consider the
standing hypotheses below for this section.
Hypothesis 5.1. We assume that:
• H is a Hopf algebra with antipode of finite order.
• R is an AS regular algebra satisfying Hypothesis 0.6.
• H coacts on R from the right inner-faithfully.
Motivated by (4.9) and Corollaries 4.10, 4.11, we inquire:
Question 5.2. Given the setting above, when is H cocommutative? In other words, by Cartier-Kostant-
Milnor-Moore theorem for cocommutative Hopf algebras, when is H isomorphic to a smash product of the
universal enveloping algebra of a Lie algebra and a group algebra?
We will see that the answer to the question above is closely related to certain property of the Nakayama
automorphism of R referred to as (power) central Nakayama; see Definition 5.4 and Theorem 5.6. We begin
by considering the following subalgebras of Mn(k).
Definition 5.3 (C(X), CP (X)). Take a matrix X ∈Mn(k).
(a) The centralizer of X is C(X) := {P ∈Mn(k) | PX = XP}.
(b) The power centralizer of X is CP (X) :=
⋃
i≥1 C(X
i).
Moreover, we say that X,Y ∈Mn(k) are C-equivalent if C(X) = C(Y).
Consider the following terminology.
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Definition 5.4. Let R be an AS regular algebra with Nakayama automorphism µR. We say that:
(a) R is central Nakayama if C(µR|R1) is commutative; and
(b) R is power central Nakayama if CP (µR|R1) is commutative.
Now we answer Question 5.2 in Theorem 5.6 below, but first we present a preliminary lemma.
Lemma 5.5. Consider the matrix coalgebra Mn(k), and for M ∈ GLn(k), the coideal
IM := {MX− XM | X ∈Mn(k)} = {MXM
−1 − X | X ∈Mn(k)}.
Then, the dual algebra of Mn(k)/IM is isomorphic to the centralizer algebra C(M) of M in the matrix algebra
Mn(k). 
Theorem 5.6. Recall the hypotheses set at the beginning of this section and in the Introduction. Let H be
a Hopf algebra coacting on an AS regular algebra R with homological codeterminant D ∈ H. If one of the
following conditions hold:
(i) R is central Nakayama, H is involutory, and D is central; or
(ii) R is power central Nakayama, and Dm is central for some m ≥ 1,
then H is cocommutative. If, further, H is finite dimensional, then H must be a group algebra.
Proof. We provide the proof for condition (ii) here; the proof for (i) follows in a similar fashion. Consider
the Yoneda algebra E := Ext∗R(k, k), which is a Frobenius algebra by [23, Corollary D]. Take a k-linear
basis, say {x1, . . . , xn} of R1, which yields a dual basis {x
∗
1, . . . , x
∗
n} of degree one part of E. Since H coacts
on E from the left by [11, Remark 1.6(d)], we have a set of elements Y = {yij}1≤i,j≤n in H such that
ρ(x∗i ) =
∑
1≤j≤n yij ⊗ x
∗
j . Replacing [11, Lemma 4.1] by Hypothesis 0.6, the proof of [11, Theorem 0.1] can
be copied here as
D−1S2(Y)D =MYM−1,
whereM = (µR|R1)
T . The hypothesis on D implies that there exists m≫ 0 such that S2m(Y) =MmYM−m.
Moreover, since S has finite order, we can further assume that S2m(Y) =MmYM−m = Y.
Consider the matrix coalgebra Mn(k) and the coideal
Im := {M
mXM−m − X | X ∈Mn(k)}.
By Lemma 5.5, we can identify the dual algebra of Mn(k)/Im with C(M
m), the centralizer of the matrix
Mm in Mn(k). Note that CP (M
T ) is commutative if and only if CP (M) is commutative. So, since R is power
central Nakayama, we know that C(Mm) ⊆ CP (M) is commutative. By duality,Mn(k)/Im is cocommutative.
Now Y generates a subcoalgebra 〈Y〉 in H such that ∆(yij) =
∑
1≤k≤n yik ⊗ ykj . Since M
mYM−m = Y,
one sees that Y is a quotient coalgebra of Mn(k)/Im. Hence, 〈Y〉 is cocommutative. Thus, H is also
cocommutative since the H-coaction on E is inner-faithful, and 〈Y〉 generates a Hopf subalgebra of H . The
last statement of the theorem is standard; see e.g. [31, Exercise 15.3.1]. 
5.1. Conditions to yield the (power) central Nakayama property. To apply Theorem 5.6, it is
helpful to have working conditions that imply the (power) central Nakayama property. First, we recall some
well-known facts from linear algebra.
Lemma 5.7. [29, Proposition 3.2.4 and Remark 3.2.5] For any matrix X ∈Mn(k), we have that the following
statements are equivalent.
(a) C(X) is a commutative algebra.
(b) C(X) = k[X] (the set of polynomials in X over k).
(c) X is non-derogatory: geom.mult.(λ) = dimker(X− λIn) = 1, for all eigenvalues λ of X.
(d) dim C(X) = n.
(e) dim k[X] = n.
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(f) In the Jordan form of X, there is only Jordan block for each eigenvalue of X.
(g) The minimal polynomial of X and the characteristic polynomial of X are equal.
(h) The minimal polynomial of X has degree n. 
Now we provide sufficient conditions for CP (X) to be commutative, which should be employed with the
lemma above.
Definition 5.8. Take X ∈Mn(k) with distinct eigenvalues {λ1, . . . , λm}. We say X has distinct e-th powers
of eigenvalues if the set of scalars {λe1, . . . , λ
e
m} has distinct values, for all e ≥ 1.
Lemma 5.9. Take X ∈ Mn(k). Then, CP (X) is commutative if and only if X has distinct e-th powers of
eigenvalues and C(X) is commutative. In this case, we have that CP (X) = C(X).
Proof. Suppose that C(X) is commutative and X has distinct e-th powers of eigenvalues. Then, we know
that X is non-derogatory by Lemma 5.7((a) ⇒ (c)). Since X has distinct e-th powers of eigenvalues, Xi is
also non-derogatory. So, C(Xi) is generated by the matrix Xi, for all i ≥ 1, by Lemma 5.7((c) ⇒ (b)). Hence
CP (X) =
⋃
i≥1 C(X
i) = k[X], which is commutative. Moreover, CP (X) = C(X) by Lemma 5.7((b) ⇒ (a)).
For the other direction, suppose CP (X) is commutative. Then, C(X) ⊆ CP (X) is commutative. By way of
contradiction, assume that X has two distinct eigenvalues λ1, λ2 such that λ
e
1 = λ
e
2 for some e ≥ 1. Then,
the eigenvalue λ := λe1 = λ
e
2 does not have geometric multiplicity 1 in X
e. So, by Lemma 5.7((a) ⇒ (c)),
C(Xe) ⊆ CP (X) is not commutative, a contradiction. Hence, X has distinct e-th powers of eigenvalues. 
Another lemma that may be of use is the following.
Lemma 5.10. [14] Take any non-scalar matrix X ∈Mn(k). If X satisfies one of the conditions below:
(i) X is C-equivalent to an idempotent matrix;
(ii) X is C-equivalent to a square-zero matrix; or
(iii) X is similar to S ⊕ · · · ⊕ S, where S is a companion matrix of an irreducible polynomial, such that
there is no proper intermediate field between k and k[S];
then CP (X) = C(X). In this case, CP (X) is commutative if and only if C(X) is commutative.
Proof. By [14, Theorem 3.2], any one of the conditions (i)-(iii) is equivalent to X being maximal, which by
definition means that for any M ∈ Mn(k) with C(X) ⊂ C(M), we get that C(X) = C(M). Thus, if X is
maximal, then C(X) = C(Xi) for all i ≥ 1. Hence, CP (X) = C(X). The last statement is clear. 
5.2. Application to Hopf coactions on A(E). Recall from Lemma 1.9 that A(E) is AS regular if and
only if E ∈ GLn(k) is congruent to a direct sum of matrices Jn and D2r(q), with q 6= 0, (−1)
r+1.
Proposition 5.11. We have that A(E) is central Nakayama if and only if E is congruent to
(5.12) Jn ⊕ D2r1(q1)⊕ · · · ⊕ D2rs(qs) or D2r1(q1)⊕ · · · ⊕ D2rs(qs),
with qi 6= 0, (−1)
ri+1 for all i, satisfying the following condition:
(5.13) the set of numbers {q±11 , q
±1
2 , . . . , q
±1
s } is distinct.
Moreover, A(E) is power central Nakayama if and only if E is congruent to (5.12) so that:
(5.14) the set of numbers {q±e1 , q
±e
2 , . . . , q
±e
s } is distinct, for any e ≥ 1.
Proof. By Lemma 1.12(b), we have that µA|A1 = −E
−1ET . By direct computation, we get that −J−1n J
T
n
and −D2r(q)
−1D2r(q)
T are non-derogatory with eigenvalues {−1} and {−q,−q−1}, respectively. It is easy
to see that a direct sum of non-derogatory matrices is non-derogatory if and only if the eigenvalues of all
of the summands are distinct. Thus, by Lemma 5.7, C(µA|A1) is commutative if and only if E is congruent
to (5.12) and the set of numbers {q±11 , q
±1
2 , . . . , q
±1
s } is distinct.
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Moreover, to employ Lemma 5.9, we need µA|A1 = −E
−1ET to have distinct e-th powers of eigenvalues,
that is, −J−1n J
T
n and −D2r(q)
−1D2r(q)
T to have distinct e-th powers of eigenvalues. Indeed, µA|A1 has
distinct e-th powers of eigenvalues if and only if E is congruent to (5.12), and (5.14) is satisfied. Now we are
done by Lemma 5.9. 
We provide some consequences below.
Corollary 5.15. Recall the hypotheses at the beginning of the section and in the Introduction. Let A(E) be
an AS regular algebra of global dimension 2. Let H be a Hopf algebra coacting on A(E) with homological
codeterminant D ∈ H. If one of the following conditions hold:
(i) E is congruent to (5.12) satisfying (5.13), H is involutory, and D is central; or
(ii) E is congruent to (5.12) satisfying (5.14), and Dm is central for some m ≥ 1,
then H is cocommutative. If, further, H is finite dimensional, then H must be a group algebra.
Proof. Apply Proposition 5.11 to get that A := A(E) as above is central Nakayama in setting (i), and power
central Nakayama in setting (ii). Next, use [3, Theorem 1.1] to show that Hypothesis 0.6 holds. Finally, the
result is established by Theorem 5.6. 
Remark 5.16. Note that A(2,E) is central Nakayama (resp., power central Nakayama) if and only if
A(2,E) 6∼= A(2,D2(±1)) (resp., A(2,E) 6∼= A(2,D2(q)) for q ∈ k
× a root of unity). Note that if q2m = 1, then
we get by Example 2.18 that Dm is central.
We point out that Corollary 5.15 is consistent with [10, Theorem 0.4] for A(2,E). Namely, if H is a finite
dimensional Hopf algebra that coacts on A(2,E) inner-faithfully with trivial homological codeterminant,
then H is non-cocommutative (resp., and involutory) only when E = D2(q) for q a root of unity (resp., when
q = −1). On the other hand, the converse of Corollary 5.15 fails as the cyclic group algebra, generated by
Diag(−1,−1), acts on any AS regular algebra A(2,E) inner-faithfully with trivial homological determinant
by [10, Theorem 5.2(b1)].
Remark 5.17. We can easily apply Corollary 5.15 to get results on H-coactions on A(E) = A(3,E). Here,
A(3,E) is central Nakayama if and only if E is congruent to J3 or J1 ⊕ D2(q), for q 6= ±1; and A(3,E) is
power central Nakayama if and only if E is congruent to J3 or J1 ⊕ D2(q), for q ∈ k
× a non-root of unity.
See Corollary 1.8(b).
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